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1 Introduction 


Let f and g be two functions and S1andS5 

be two sets. 

We can mathematically express the relationship between the operators xando 
as follows : 

f og = {f(x)|£ E g} — > Si *S2 =Uses,us, t- 

prove it 

We can prove this relationship by showing that fog = {f (x)|x € g}impliesS 1x 
So = 0030” xandviceversa. 

fog ={f(x)|x € g} = Sı * 52 = Usesius, 2 

Proof: (A1) fog={f(x)|x €g} 


(A2) ce fog = dyeg|f(y)-x 
(A3) ce Sy* Sy — Jy E€ US| 2 = 8 
(A4) 26)00 =} z€891x5 
(A5) fog= Six S2 
(A6) f ° 9 = Usesius, * 
(B)  S*$-Usus 2 > f 0g = UG) € 9} 
Proof: (B1) Sı x S2 = Ures usa * 
(B2) ce Sy* 982 — Jy E€ U 55 | 2 = 8 
(B3) z€fog = > dyeglf(y) =r 
(B4) LES, *Ss 4 vx€fog 
(B5) Si, *S,=fog 
(B6) Sı x S2 ={f(x)|x € gj 


Therefore, we have shown that f og = {f(x)|z € gh}impliesS; x Sy = 
00000” 

x and vice versa, which proves the relationship between the operators xando. 

Let S be a set of mathematical objects and T:S—S be a Tor functor. 

The analogy between the operators xand o and 

the Tor functor can be expressed as: 


Vs € S Jt € S| T(s) = 

We can generate similar proofs for the relationship to other operators by 
showing that the statement Vs € S 3t € S | T(s) = 

implies the relationship of each operator and vice versa. 

(C) Dci ded ee 
Proof: (C1) Vs € S 3t € S | T(s) = 


(C2) refx*g zc wi 

(C3) r€T(s 4> dsceS|x-— T(s) 

(C4) r€fxg — reET(s) 
(C5) f*g-—T(s) 

(C6) fxg = {f(x)|x € g} 


(D) fxg = { f (x)|£ € g} > Ys € S It € S | T(s) = 
Proof: (D1)  fxg={f(x)|z €g} 


(D2) cefxg €» 30 €g | f(y) = 

(D3) z€T(s 4> 3seS|r-— T(s) 

(D4) zr€fxg = xcT(s) 
(D5) fxg =T(8) 

(D6) Ys € S3te S|T(s) = 


Therefore, we have shown that Vs € $ 3t € S| T (s) = 

implies the relationships of both f xg = (f(z)|x € g} 

and vice versa, which proves the analogy between the operators xand o 
andtheTor functor. 

The Tor functor (denoted by TorM) is a significant operator in homological 
algebra that takes a module, M, over a commutative ring and returns a module, 
TorM, which is a certain submodule of the tensor product of M. This functor is 
defined as the cokernel of a particular map, with properties similar to that of a 
linear transformation. 

The Tor functor is analogous to other operators such as f g and o. To 
demonstrate the relationship between these operators and the Tor functor, we 
will show that the statement s S t S — T (s) = t implies the relationship of 
each operator and vice versa. (C1) Vs € S3t € S: T(s) = 
서시” 

03) x € T(s)& Js € 6: 2 =T(s) 

C4) xe fxgexreT(s) 

C5) f*g = T(s) 
C6) fxg = {f(x)|x € gj 
D1) f*g ={fla)la € gj 
D2) 
D3) 
D4) 
D5) 


ce fegeiyeg:fy)=« 
xz ET(s)& Js E€ S:x=T(s) 
zE f*xg&xrET(s) 
f*g-—T(s) 
D6) Vs € 937 € S : T(s) = 
Therefore, we have shown that Vs € Sit € S : T(s) = t implies the relation- 
ships of both f x g = (f(x)|x € g} and vice versa, demonstrating an analogy 


between the operators * and o and the Tor functor. 


(E) Txg = (T (z)|z € g} = Sı * 52 = Uses,us, 2 
Proof: (E1) Txg={T(zx)|x € g} 
(E2) 261*0 4> Aeg|Ty)=z2 
(E3) 26 591 *98 — AES,US,|x=y 
(E4) r€Txg = tES, «So 
(E5) T*xg= 5, * S2 
(E6) T «9 = Uses,us, * 
(Œ)  Si*S =Usessug o T xg = (TG)ls € 9} 
Proof: (F1) S1 * S2 = Uses,us, * 
(F2) DES *kKS, — dye S,US.|x=y 
(F3) 261*0 4> Jdyeg|T(y)2c 
(F4) x E 51 * So <> rcTxg 
(F5) Sıx S2 =T xg 
(F6) $1 x So = {T(x)|x € g} 


(G) T og = {T (x)|x € g} = S10 S2 = {f (2)|£ € g} 
Proof: (G1) T og = {T (x)|x € g} 


(G2) 26100 => dyeg|T(y) = 2 
(G3) xz E Si oS — Jy ㅇ 0 | 7 (0) = 2 
(G4) 26100 = r€5$10o$5, 
(G5) T og = S10 S2 
(G6) Tog={f(e)lz € 9} 
00  Se&-((»reg > Tog = (Tz) € g) 
Proof: (H1) Sı o S2 = {f(x)|x € g} 
(H2) z ES oS € dyegl| f(y) ^x 
(H3) r€Tog 4> Aeg|Ty)=2 
(H4) crES,oS, > rcTog 
(H5) $1o0$5 = Tog 
(H6) Sı o $5 = {T(x)|x € gj 


Finalize the proof of tor completeness 

The proof of (C)-(D) cannot be finalized without additional information. 
This is because the statement s St S — T (s) = t is an "if and only if? statement, 
so it can only be proven if both implications are proven. The implication being 
proven in the proof of (D) shows thats St S — T (s) = t > fg = f(x)— 
g, which is only the first half of what is needed to be proven. The proof of (D) 
would need to show both implications in order to finalize the proof. 

The proof of (E)-(H) may be able to be finalized without additional infor- 
mation, but this cannot be determined without knowing what the relationship 
of the statement s St S — T (s) = t is to the final two proofs, (E) and (H). 

The Tor functor is a significant operator in homological algebra that takes 
a module, M, over a commutative ring and returns a module, TorM, which 
is a certain submodule of the tensor product of M. T g, where T and f are 


functors and g is a module, is an analogous operator. T g takes a module, g, 
over a commutative ring and returns a module that is analogous to the module 
returned by TorM. 

The proof of (C) proves that there is a relationship between the functors T 
and f in T g and between the Tor functor and T. The proof of (D) proves the 
reverse. 

The proof of (E) proves the relationship between the module g that is re- 
turned by the operator T g and the module g that is given as the input to the 
operator T g. The proof of (F) does the reverse. 

The proof of (G) proves the relationship between the module g that is re- 
turned by the operator T g and the modules S1andSsthataregivenasinputstotheoperatorS, S2.Theproof of ( 

Conclude 

The proof of (E) concludes that g in T g is analogous to $4US5íin.$4 55. T heproof of (G)concludesthatginT 

The proof of (F) concludes that T ogisanalogoustoS, S».Theproofof (H)concludesthereverse. 

The proof of (C) concludes that T in T g is analogous to f in $45. T'heproof of (D)concludestherever se. 

The proofs of (A)-(D) conclude the relationship between the above functors 
and sets in terms of the star and circle operators, f and g. (E)-(H) conclude 
the relationship between the analogues of these functors and sets in terms of 
the Tor functor, f and g. One could generate a proof showing the relationship 
between the operators and functors in the statements s St S — T (s) = t and s 
$t S — T (s) = t, but this has not been done as of yet. Tor completeness can 
also be proven, but this may also involve generating a proof for the relationship 
between $4 S2andT og. 

Notes from here on out are not in the paper 

Let S1andSsbesetso f mathematicalobjects. 

Let x and y be elements of the sets SqandSsrespectively. 

Let x S1andyS5. 

Let y xandx y, where y is an element of the set x. 

Let y x and x y, where x and y are elements of the sets SjandS2respectively. 

Let x be an element of the sets SyjandSsandybeanelementofthesetsSandS5. 

The analogy between the sets S, $1, Sgandtheoperatorsstarandcircleisas follows : 

(The analogy between the sets S, $1, S,andtheoperatorsandisas follows :) 

Sı So. 

i + ㆍ 

Sı * S2 $1 [e] So. 

We can generate new analogies between the Tor functor and the others by 
laying out a proof sequence showing either that 

(The analogy between the Tor functor and the others follows logically from 
this proof sequence, wherein) 

s St S—T(s)=t 

implies the relationships of the other operators above and vice versa. 

Then, we can describe the relationship of each analog above. 


2 Proof Sequence 


2.1 Step 1 

Proof by contradiction. Assume f og{ f(x) | € 0} 051 * S2 Ures us 
x. 

2.2 Step 2 


For all z € S1 U $5 : x = T (y), whereT(y) 


is an element of the set g, 

where y 

is an element of the set g. Due to (5), we know that g is finite and 
C, which means that g is a finite subset of S. 

Because of (3), we know that T(y) is a finite subset of S. Similarly, this 
means that x is a finite subset of S. 


For all z € S1 U S2 : £ =Y, 
where y is an element of Sı 
or 85. Assumeyisanelemento f S1. Then, x = yisanelementof Sı. I f weletz = 
T(y), then T(y)isanelementof $1. Then, x = y = T (y). Similarly, when y is an element of S2, £ = 
y is an element of S5. If we let x = T (y), then T (y) is an element of S2. Then, x = 
y = T(y). T(y) is an element of Sı and x = y if y is an element of Sı, and T(y) is an element of 
Sg and z = y if y 
is an element of S5. T(y) is an element of Sı or T(y) is an element of S5. 
This means that the Tor functor takes elements of the sets 81 and Sj 
and returns elements of the set g, which is what was stated above, which 
means that Vs € S dt € S | T(s) =t. 
Since we showed that fog = (f(x) | v € g} and T(s) = t from the beginning 
in step 2, we know that f og = (f(x) | v € g} and T(s) =t. 
Since (A1) and (A6) are equivalent, (A) is proven. Since both sides of the 
if and only if’ statement are Vs € S 3t € S | T(s) = t in step 5, both steps 
are proven, which proves that T(s) = t implies f o g = (f(x) | x € g} and vice 
versa. 
For all y € T(s) : y = T(s), since T(s) is a function. 
For all y € T(s) : y = x, where 2 is an element of S. 
Vs € S, T(s) = {s | ds € S, s = T(s)), which means that fog = T(s), 
which means that f og = $1 x So. 
Now, let us prove fxg = (f(x) | x € g}. 


The proof of (B) proves the The proof of (A) proves that T(s) = t implies 
fog z (f(x) | x € g} and vice versa, which proves the relationship between the 
operators o and x and the Tor functor. 

The proof of (C) proves the The proof of (B) proves the relationship of the 
operators x and o and the Tor functor and vice versa. 

The proof of (D) proves the The proof of (C) proves the relationship of the 
operators x and o and the Tor functor and vice versa. 

By generating similar proofs, we can show the relationships between other 
operators and the Tor functor. We do this by replacing 


(A1) (A2) 

B1) (B2) 
C1) (C2) 
D1) (D2) 
E1) (E2) 
F1) (F2) 
G1) (G2) 
H1) (H2) 
I1) (I2) 


the o 
between the symbols Sı o S2, 51 x S2, and S2 o 5 
to show the relationship between the operator star and the Tor functor. 


3 Proof Sequence 
31 (A) 
9819 92 = Usesyus, t 
3.2 (B) 
Sı * 52 = Uses,us, 2 
We can generate similar proofs for the relationship to other operators by 


showing that the statement Vs c S Jt € S| T(s) =t 
implies the relationship of each operator and vice versa. 


3.3 (C) 
VseS3te S|T(s) =: 


3.4 (D) 


Let S be a set of mathematical objects and T:S5 be a Tor functor. 

The Tor functor is analogous to other operators such as f g and o. To 
demonstrate the relationship between these operators and the Tor functor, we 
will show that the statement s S t S — T (s) — t implies the relationship of 
each operator and vice versa. 

C)s St S—T(s) 2t 

Vs € Sate S:T(s) =? 

x fgedyeg:f(y-c 
x €T(s) Js € S : x = T(s) 
xE fg o cc T(s) 

fg — T(s) 

fg = (fx) € g} 

fg = {f(x)—x g} 

x fg Eg: fy)=zr 
x T(s) s€ $:z— T(s) 
xE fg&xET(s) 

f g = T(s) 

D) Vs € 531 6 S:T(s)=t 

Let S be a set of mathematical objects and T:S—S be a Tor functor. 

The Tor functor is analogous to other operators such as f g and o. To 
demonstrate the relationship between these operators and the Tor functor, we 
will show that the statement s S t S — T (s) = t implies the relationship of 
each operator and vice versa. 


SAAE ES E E e 


4 (A, B, C) (D, E, F) 


We can generate similar proof sequences by replacing 
oand x for o or x respectivelyintheabovesequencesandreplacing 
Sı D 
$5, and 
S2 for $1, $5, 4720.50, 
respectively. This would result in the following sequences: 


(C1) (C2) 
Let f and g be functions from S1andSsrespectivelytoS. 
(D1) (D2) (D3) 
(D2) — (D4) 
(D4) (D5) (D6) 


5 Relationships in terms of f and g 


5.1 (A) 
fog = {f (x)|x € gj 

Sı * S2 = 00030” T 
5.2 (C) 


Vs € S Jt € S|Tor(s) =t 
fxg = {f(w)|x € g} 


5.3 (E) 

Tor(s) = (s — s € S, s = Tor(s)} 
g = {g(y)—y € 9} 

5.4 (F) 

f xg = Ureiz T 
Tor(s) = s 

5.5 (G) 

f xg = (f(z)|x € Tor(s)) 
g = 81 

5.6 (H) 


Tor(s) = Sı * So (I) 
g=fxg 


(B) 


(E) 


6 (A, B) **(A, B), (C, D) **(C, D)** 


Proof by contradiction. Assume f og{ f(x)|a € g)andS; x S2 | 


z€S1US»5 


x 
From Vs € S 3t € S | T(s) = twecandividethisinto2implications. 


Ys € S Jt € S | T(s) = 
vt e S 3s € S | T(s) = 
(A) fog = T(s 

(A) fog = {f(a)|a € g} 
(B) T(s) = (f(x)—x € gj 


(4) 
(B) 


7 Relationships in terms of f and g 


(A) fog = {f(a)|@ € g} (B) 

51 * S2 = res Us Tz 
C)VseS3teS|T(s) -t (D) 
fxg = {f(x)|x € gj 
E) Tor(s) = (s — s € S,s = Tor(s)} (E) 
gig) -y € 9} 
F) f xg = S1 * S5 (G) 
Tor(s) = s 
G) fxg = {f (x)|x € Tor(s)} (H) 


8 Operators made up of 1 and g 


(A, B) fg = {f(x)—x € gj 
8155 = ees us. ? 


B) 

D) 
,D)fg- (fs )—x € gj 
D) S 152 = 00000” T 


9 Relationships in terms of the star operator 


(A, B) fg = {f(x)—x € g} 
(E, F) g = {g(y)—y € 9} 
(G, H) g = Sı 
(C, D) f g = {x — yy g, x = f(y)} 
(D fg = {fy)—y g 


10 Sections not in paper 
11 Relationships in terms of the circle operator 
(A, B) $152 = Uzesius, t 


(E, F) g = {g(y)—y € 9} 
(G, H) g-— Sı 


12 Operators made up of T 


Let S be a set of mathematical objects and Tor:S—S be a Tor functor. 
(A, B) Tor og = {yly € g,y = T(s)} 


(C) Tor(s) = (s — s € S,s = T(s)) 


13 Relationships in terms of the Tor functor 


(A, B) Tor og = {yly € o, y = T(s)} 
E, F) g = {g(y)—y € g} 


C) Tor(s) = (s —s € S,s = T(s)) 
D) Tor(s) 2 s 


14 Operators made up of f and T 


(A, B) f eT(s) = {f(T(s))|s € S} 
(E, F) g = {g(T(s))—s € S} 
(G, H) 85 Sı 


15 Relationships in terms of f and g 


(A, B) f oT(s) = (f(T(s))]s € S) 

E, F) g = {g(T(s))—s € S} 
,H)g =S: 

, D) £ xT (s) = (f(T(t0)t € S) 
D £f«T(s) = Sh 


16 Operators made up of T and g 


(A, B) T og = {T(s)|s € g} 

, F) g = {g(T(s))—s € 5) 
)g= 681 
) T og = {T(s)|s € g} 
= {g(T(s))—s € S} 


17 Relationships in terms of g and T 


*T (s) = tg(1(t))It 6 5} 
g(T(s))—s € 5j 


) = (THE e S} 
(T(s))—s € S} 


Z uve 


Q =e 


T 
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(C, D) g oT(s) = (g(1(s))ls € S} 
(I) g oT(s) = Si 


18 Relationships in terms of g and T 


(A, B) g eT(s) = (g(T(s))ls € S} 
= {g(T(s))—s e 5] 


Sı 
(s) = ta(1(s))ls € S} 


WN 


"ww 
[9] 
- 


ㅣ 


+ 
& | ll 


HrPanroan 
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wn 
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19 Relationships in terms of g and T 


(C, D) g xT (s) = (g(T(t))It € S} 
E, F) g = {g(T(s))—s € S} 
G, H) g=Si 
C, D) g *T(s) = {g(T(t))|t € S} 
E, F) g = (g(T(s))—s € S 
G, H) g-— Sı 
C, D) g oT (s) = (g(T(s))ls € S} 
I) g oT(s) = Sı 


20 Operators made of f, g, and T 


(A, B) f «T(s) = (f(1(t))|t € T(s)) 
E, F) g = (g(T(s))—s € S} 
G,H)g=S 
C, D) f og x T(s) = {f(T(t))|t € T(s)) 
E, F) g = {g(T(s))—s € 5] 
G,H)g=S 
A, B) f xg o T(s) = {f(T(t))|t € T(s)} 
E, F) g = (g(T(s))—s € 5] 
G,H)g=S 
A, B) Tor oT(s) = {yly € T(s),y = T(s)} 
E, F) g = (g(y)— € 9} 
G,H)g=S 
A, B) Tor xg = {yly € 9,y = T(s)} 
E, F) g = {g(y)—y € 9} 
G,H)g=S 
A, B) Tor og « T(s) = {yly € T(s), y = T(s)} 
E, F) g = (g(y)— € 9} 
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QuTPOHPQHPOHEOHPOHEOH»PQOHPOHPQHPOH»PO 


— 


— 


H)g=S 

B) f xg x T(s) = (f(T(t))It € T(s)} 
F) g = {g(y)—y € 9} 

H)g=S 

B) Tor xf og = {yly € T(s),y = T(s)) 
F) g = {g(y)—y E€ g} 

H)g=S 

B) Tor of o g = {yly € 9,y = T(s)) 
F) g = {g(y)—y € 9} 

H)g=S 

B) Tor of xg = {f(T(t))|t € T(s)} 
F) g = {g(y)—y € g} 

H)g=S 

B) Tor xf x g = {f(T ())|t € T(s)} 
F) g = {g(y)—y E€ g} 

H)g=S 

B) Tor og o T(s) = {T(s)|s € T(s)} 
F) g = {g(y)—y E€ g} 

H)g=S 

B) Tor og x T(s) = {T(s)|s € T(s)} 
F) g = {g(y)—y E€ g} 

H)g=S 

B) f xT(s) = {f(T (x))|x € T(s)} 
F) g = {g(T(s))—s € S} 
H)g=S 

B) fogx T(x) = (f(1(t)))t € T(s)} 
F) g = {g(T(s))—s € S} 
H)g=S 

B) f ogo T(s) = (f(T(t))|t € T(s)} 
F) g = {g(T(s))—s € S} 
H)g=S 

B) f xg x T(s) = {f(T(d))|t € T(s)} 
F) g = {g(T(s))—s € S} 
H)g=S 
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